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Abstract
Parafermionic zero-modes are zero-energy excitations with peculiar
mutual statistics, which can be realized at the edge of the Fractional
Quantum Hall Effect sample. We came up with several protocols for
adiabatic quantum pumping with parafermions, which allow to test the
statistics of Fractional Quantum Hall quasiparticles and observe
universal noise in the pumping current. That is, the noise takes a specific
value which is essentially given by universal constants, and is robust
with respect to changes in many system parameters.
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Chapter1
Introduction
1.1 Preface
This thesis is dealing with parafermionic zero-modes. These are exotic
excitations at zero energy, which can be realized on the edge of a Fractional
Quantum Hall Effect sample, by proximitizing it with a superconductor
[1, 2]. These zero-modes can be viewed as a generalization of the so-called
Majorana zero modes, realizable in an analogous way on the edge of an
Integer Quantum Hall sample [3, 4].
Similarly to the case of Majorana zero-modes, a promise of topological
quantum computation [5] is what largely fuels the studies of parafermions.
By braiding these zero-modes, one can realize a set of non-abelian opera-
tions [2], which is closer to complete than that of Majoranas (yet not allow-
ing for universal quantum computation). Along with this line of research,
there is a strong need in simple and reliable tests for the actual existence
of parafermionic zero-modes in a realistic setting. The problem is, just as
actual braiding is cumbersome, naive transport tests like a zero-bias peak
experiment [6], have a drawback that they don’t access any information
about the nonlocal nature of an excitation.
In this thesis, I present some progress that we made in this direction.
We designed a family of novel transport signatures to probe nonlocal prop-
erties of the system. These involve pumping Fractional Quantum Hall
Effect quasiparticles to the parafermionic array. Exploiting nonlocal corre-
lations among parafermionic zero-modes, we construct a protocol which
can be tuned to zero average current. This pumping blockade, which we
dubbed topological, can also be lifted in a controllable fashion, yielding
average currents given by statistics of FQHE quasiparticles.
Another finding that is presented in this thesis is related to the field
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of quantum pumping in general and addresses the notion of noise. In
many cases [7–12], adiabatic pumping is noiseless at zero temperature as
the same number of quanta (of charge, spin etc.) is pumped every cycle
and the pumping precision is increased (the noise vanishes) as the adia-
batic limit is approached. On the other hand, noisy adiabatic quantum
pumps are known and have been extensively studied [13–18]. In all such
examples, the pumped current and its noise depend on the details of the
pumping cycle and/or of coupling the system to external leads.
In this work, we introduce an adiabatic pumping protocol, which is
based on the topological blockade and exhibits universal noise of the pumped
current. By this we mean, that as the adiabatic limit is approached, the
noise reaches a specific value, largely independently of the specific pa-
rameters used in the pumping cycle. This value is given by a simple ex-
pression, involving only fundamental constants and statistics of the quasi-
particles in the system.
In subsequent sections of this chapter, some basic theory on pump-
ing and FQHE edge is given. These will be extensively used in the main
chapter of this thesis, where we introduce parafermionic zero-modes and
present our findings.
1.2 Adiabatic pumping. Landau-Zener problem
One of the simplest ways to think about adiabatic pumping is, famously,
the exactly solvable Landau-Zener (LZ) problem [19–24]. It addresses the
evolution of a two-level system |ψ〉 (t) = (u(t), v(t))ᵀ ≡ u(t) |1〉+ v(t) |0〉,
generated by a time-dependent Hamiltonian:
HLZ =
(
µ(t)
2 η
∗
η −µ(t)2
)
, (1.1)
with diagonal element evolving linearly in time: µ(t) = λt. The time-
dependent spectrum of such Hamiltonian is given by E(t) = ±
√
µ2(t)
4 + |η|2,
with asymptotic eigenstates mentioned in the Fig.1.1.
Consider the starting state |ψ〉 (−∞) = |1〉. It can be inferred imme-
diately, what is the resulting state |ψ〉 (∞) in perfectly diabatic (adiabatic)
limit, corresponding to |η|
2
λ  1 ( 1).
In diabatic limit, we pass the region of µ(t) ∼ η so fast that the state
doesn’t change. So it remains |ψ〉 (t) = |1〉 up to a global phase, all the
way to t→ +∞.
8
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Figure 1.1: The spectrum of LZ Hamiltonian as a function of µ, with denoted
asymptotic eigenstates.
In adiabatic limit, the state follows the instantenous eigenstate of HLZ(t),
which corresponds to the lower branch in the Fig.1.1. This results in asymp-
totic state |ψ〉 (+∞) = |0〉.
To study the case of finite |η|
2
λ , we use the large-time asymptotics of the
exact solution. If at large negative time ti (|ti| 
√
λ
−1
) we start from the
state |ψ〉 (ti) = |1〉, the state at t f 
√
λ
−1
is given by:
|ψ〉 (t f ) = eiϕ0(ti)
[
e−piγ−iϕ0(t f )|1〉+
√
2piγ
Γ(1+ iγ)
e−
1
2piγ+iϕ0(t f )
η
|η| |0〉
]
, (1.2)
where ti is initial time, γ = |η|2/λ, Γ(x) is the Euler gamma function,
and
ϕ0(t) =
λt2
4
+
1
2
γ log
(
λt2
)
− 3pi
8
.
Taking γ → 0, one obtains diabatic limit (for simplicity, from now on
we fix t f = |ti|):
|ψ〉 (t f = |ti|) ' (1− piγ)|1〉+O(
√
γ)|0〉. (1.3)
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Adiabatic limit γ→ ∞ yields:
|ψ〉 (t f = |ti|) ' e−piγ|1〉+ eiθ(1−O(e−2piγ))|0〉, (1.4)
with phase θ defined as:
θ =
λt2f
2
− pi − i log( η|η| ) + γ(log(
λt2f
λγ
) + 1). (1.5)
1.3 Edge theory of Fractional Quantum Hall Ef-
fect
The edge of FQHE can be described by an effective field theory [25]. In
this approach, we introduce a Hamiltonian of a form:
H =
v
4pi
ˆ L
0
dx(∂xφ)2, (1.6)
where operator ρ ≡
√
ν
2pi ∂xφ is associated with an extra charge density
on the edge of FQHE droplet (of total length L). As the Heisenberg equa-
tion for ρ have to describe a chiral wave with velocity v along the edge, ρ
needs to satisfy the so-called Kac-Moody algebra:
[ρ(x), ρ(y)] = −i ν
2pi
δ′(x− y) (1.7)
An electron operator Ψ has to have the following commuting relation
with a charge density operator ρ:[
ρ(x),Ψ†(y)
]
= δ(x− y)Ψ†(y) (1.8)
Relations (1.7), (1.8) imply that Ψ(y) ∝ exp(i 1√
ν
φ(y)). The exact pref-
actor is important as it takes care of possible pathologies, and figuring this
out needs extra work. This is done, for instance, in [26], and the result is
(large size L, single species of fermions):
Ψ(x) =
(
L
2pi
)− 12ν exp(i 1√νφ(x))
〈exp(i 1√
ν
φ(x))〉 , (1.9)
where mean 〈..〉 is taken in the vacuum of the theory. This relation of
Ψ and φ, together with (1.7), implies the following relation for electron
quasiparticle operators:
Ψ(x)Ψ(y) = (−1) 1νΨ(y)Ψ(x)
10
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As we need operators Ψ to be fermionic, parameter ν−1 can only take
odd-integer values for this effective theory to be adequate. These turn out
to correspond to FQH states with filling fractions ν, which are called the
Laughlin states.
Quasiparticle operators in this effective edge theory are defined as ver-
tex operators, which are objects of the form:
Vβ(x) =
(
L
2pi
)− β22 exp(iβφ(x))
〈exp(iβφ(x))〉 (1.10)
Possible values of β are fixed by the so-called "locality condition":
Vβ(x)Ψ(y) = ±Ψ(y)Vβ(x)
In view of (1.7), this condition implies, that β must have a form β =√
νp, with some integer p. In particular, electron operator Ψ is a quasipar-
ticle operator Vβ with β = 1√ν . However, the most elementary option is
β =
√
ν, which describes a so-called Laughlin quasiparticle:
ψ = V√ν (1.11)
They carry ν times as little charge as electron:[
ρ(x),ψ†(y)
]
= νδ(x− y)ψ†(y) (1.12)
Also these quasiparticles are anyons – they have fractional mutual statis-
tics. This is manifested in the commuting relations for operators ψ:
ψ(x)ψ(y) = exp(ipiνsgn(y− x))ψ(y)ψ(x) (1.13)
In the main part of the thesis, for convenience, we will omit prefactors
in the definition of vertex operators (1.10).
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Chapter2
Parafermion pumping signatures
2.1 Outline
In this section, we give an overview of our setup and results. This covers
the essential physics, whereas the details and explanations are elaborated
in subsequent sections.
We study adiabatic pumping in a system of parafermions, realized at
a Fractional Quantum Hall edge [1, 2]. More specifically, we consider an
array of parafermions as in Fig. 2.1. For pumping we employ quantum
antidots [27–29] – depleted regions in the FQH bulk that can host fractional
quasiparticles.
Adiabatically varying the potential of a quantum antidot and connect-
ing it to one parafermion or the pair of parafermions, it is possible to
induce tunneling of a quasiparticle to the array of parafermions. Using
pumping procedures of this type, we design various protocols.
2.1.1 Topological pumping blockade protocol
Consider a pair of parafermions αˆjs and αˆls, denoted (j, l)s in what fol-
lows. Numbers j < l enumerate domain walls in the array and both
parafermions are taken of spin s =↑ or ↓. As we will elaborate in next
sections, such a pair has d degenerate quantum states |r〉 labeled by r =
0, ..., d− 1 (d = 2 corresponds to Majoranas, d ≥ 3 for proper parafermions).
Due to the non-local nature of parafermions, the processes of contem-
poraneous tunneling into distinct parafermions interfere with each other
quantum mechanically. As a result, the probability of pumping a quasi-
particle P(r) depends on the parafermion pair state r. In the adiabatic
limit, depending on some parameters, the probability can be either P(r) =
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1 for all r or P(r 6= rB) = 1 and P(rB) = 0. Whenever a quasiparti-
cle pumping happens successfully, the parafermion pair state is changed
|r〉 → eiθr |(r− 1)mod d〉where θr are non-universal phases. Now assume
that for some rB the pumping probability P(rB) = 0 – e.g., for rB = 0. Then
if one designs a protocol consisting of repeated pumpings, such protocol
will be blockaded, cf. Fig. 2.2a.
This phenomenon we dub topological pumping blockade. Since it heav-
ily relies on nonlocal properties of parafermions, we expect that the local
artefacts, e.g. parasitic Andreev bound states, won’t mimic it. Thus, this
pumping blockade per se provides an interesting signature for parafermions.
Also, we use it as a basis for other protocols.
2.1.2 Deterministic blockade lifting
Consider a quantum antidot (QAD1) that is coupled to a parafermion pair
(j, l)s, as described above. If a quasiparticle is pumped from a different
quantum antidot (QAD2) coupled to a single parafermion j′ with spin s′,
this shifts the state of a parafermion pair (j, l)s: r → r+ ∆rj′s′ . Consider a
pumping cycle that is composed of k− 1 ≥ d− 1 attempts of pumping a
quasiparticle with QAD1 to the pair (j, l)s in the blockaded regime P(rB =
0) = 0 and then a single quasiparticle pumping to j′. In each cycle, ∆rj′s′
quasiparticles are pumped successfully to (j, l)s, after which the system
arrives at r = 0 and no further quasiparticle transfer happens until the
pumping from QAD2 to j′, which brings the system back to r = ∆rj′s′
before the next cycle. The average pumping current from QAD1 is then
I = I0∆rj′s′/k, where I0 = e∗/τ, e∗ is the quasiparticle charge and τ is the
duration of a single pumping attempt, cf. Fig. 2.2b-d. The zero-frequency
noise S(ω = 0) vanishes.
2.1.3 Noisy blockade lifting
Consider now the same protocol but the pumping that lifts the block-
ade is done not to a single parafermion j′ but to a pair of parafermions
(j′, l′)s′ in the non-blockaded regime (independently of the system state,
pumping from QAD2 to (j′, l′)s′ happens successfully). The pair (j′, l′)s′ is
characterized by quantum states |w〉, and pumping to it changes |w〉 →
eiθw |(w− 1)mod d〉. Quantum numbers r of (j, l)s and w of (j′, l′)s′ are not
independent; for j = 1, l = j′ = 2, l′ = 3, s =↑, and s′ =↓, cf. Fig. 2.1,
|w〉 = 1√
d
d−1
∑
r=0
e2piiwr/d |r〉 . (2.1)
14
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Therefore, the blockade lifting takes
|r = 0〉 →
d−1
∑
w=0
eiθw |(w− 1)mod d〉 〈w| r = 0〉 =∑
r
Ar |r〉 , (2.2)
Ar =
1
d
d−1
∑
w=0
e2pii(w−1)r/d+iθw , (2.3)
creating thus a superposition of different r states. During the next pump-
ing cycle the probability of successfully pumping r quasiparticles to (j, l)s
is |Ar|2. Therefore, the number of quasiparticles pumped each cycle is
inherently probabilistic, which leads to noise in the pumping current. We
show that in the extreme adiabatic limit phase differences θw− θw′ , w 6= w′
strongly fluctuate from cycle to cycle leading to |Ar|2 = 1/d on average.
It is then straightforward to calculate that the average current pumped to
(j, l)s I = I0(d− 1)/(2k), and its noise S(ω = 0) = (d+ 1)e∗ I/6.
Note, that these values contain no dependence on the sample proper-
ties, and are essentially given by the universal constants. Thus we dub
our quantum pumping observables, in particular, noise, universal. The
protocol parameters k (number of pumping attempts) and τ (duration of
a single pumping attempt), also enter the answer. However, those are di-
rectly controlled by the experimentalist, and thus do not spoil universality.
2.2 Model of the system
2.2.1 Parafermions
We consider an array of parafermions realized on the boundary of two
Laughlin (ν = 1/(2p + 1)) Fractional Quantum Hall puddles, consist-
ing of electrons of opposite spin [1, 2], cf. Fig. 2.1. The dynamics of the
respective edges is described by fields φˆs(x), s = ±1 =↑ / ↓, satis-
fying [φˆs(x), φˆs(y)] = ipissgn(x − y) and [φˆ↑(x), φˆ↓(y)] = ipi [2]. The
edges support domains that are gapped by proximity coupling to a su-
perconductor or a ferromagnet; H = Hedge + HSC + HFM, where Hedge =
(v/4pi)
´ L
0 dx
[
(∂xφˆ↑)2 + (∂xφˆ↓)2
]
with edge velocity v,
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Figure 2.1: The system layout. Ferromagnetic (FM) and superconducting (SC)
domains gap out two Fractional Quantum Hall edges in two distinct ways. Each
domain wall between a SC and a FM region hosts parafermion zero-mode opera-
tors (blue stars). The free edges of spin-↑ and spin-↓ parts glued together by total
reflection at the FMs. The bulk of the Fractional Quantum Hall puddles hosts
quantum anti-dots (QADs) - regions depleted by local gates. Quantum antidots
behave as local enclaves that can support Fractional Quantum Hall quasiparticles.
Tunnel couplings (red dashed and dot-dashed lines) between quantum anti-dots
and parafermionic domain walls allow quasiparticles to tunnel between them,
influencing the state of the parafermions.
16
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HSC = −∆a
N
∑
j=1
ˆ
SCj
dx cos
(
φˆ↑(x) + φˆ↓(x)√
ν
)
, (2.4)
HFM = −Ma
N+1
∑
j=1
ˆ
FMj
dx cos
(
φˆ↑(x)− φˆ↓(x)√
ν
)
, (2.5)
with ∆ (resp., M) being the absolute value of the induced amplitude for
superconductor pairing (for tunneling between edge segments proximi-
tized by ferrmagnets), short-distance cutoff a, and N is the number of su-
perconductor domains. All the proximitizing SCs/FMs are implied to be
parts of one bulk SC/FM. The bulk SC is assumed to be grounded. For
∆a/v,Ma/v large enough, each domain has a gap for quasiparticle exci-
tations. At low energies each domain can be described by a single integer-
valued operator [1, 2], cf. Fig. 2.1,
φˆ↑(x)∓ φˆ↓(x)
2pi
√
ν
∣∣∣∣∣
x∈FMj/SCj
=
{
mˆj,
nˆj.
(2.6)
The only non-trivial commutation relation is [mˆj, nˆl] = i/(piν) for j > l,
while [mˆj, nˆl] = 0 for j ≤ l. Being integer-valued non-commuting opera-
tors, they are defined modulo d = 2/ν, i.e., mˆj (nˆj) ∼ mˆj (nˆj) + d.
The parafermion array Hilbert space may be spanned by states |m1, ...,mN+1〉 ≡
|{m}〉, where mj is the eigenvalue of mˆj. All the states are degenerate.
Physically, the degeneracy corresponds to each SC domain hosting frac-
tional charge at no energy cost. The fractional component the charge Qˆj of
the jth SC domain is given by Qˆj mod 2e = e∗(mˆj+1 − mˆj)mod 2e, where
e∗ = νe and e are respectively the charge of the fractional quasiparticle and
the electron charge.
The protocols we propose involve tunneling fractional quasiparticles
into the parafermion array. At low energies such tunneling may take place
only at the interfaces between different domains. The low-energy projec-
tion of the quasiparticle operators is given by (cf. Refs. [1, 2])
αˆjs =
{
eipiν(nˆl+smˆl), j = 2l − 1,
eipiν(nˆl+smˆl+1), j = 2l,
, (2.7)
where j is the domain wall index and s = ±1 =↑ / ↓ is the spin of
the edge into which the quasiparticle tunnels. The parafermion opera-
tors in Eq. (2.7) satisfy αˆdjs = 1 and obey Zd parafermion algebra: αˆjsαˆls =
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ω
sign(l−j)
s αˆlsαˆjs for j 6= l, ωs = e2piis/d = eipiνs. For ν = 1 the parafermions
reduce to MFs, in which case αˆj↑ = αˆj↓.
2.2.2 Quantum antidots
Quantum antidots are the second main ingredient of our model. Quantum
antidots are depleted regions in the Fractional Quantum Hall bulk [27–32]
that can accommodate fractional quasiparticle s, see Fig. 2.1. We consider
small quantum antidots in the Coulomb blockade regime. A quantum
antidot is then described as a system with two levels |q〉 and |q+ 1〉 corre-
sponding to the quantum antidot hosting q or q+ 1 quasiparticles. Then
the quasiparticle operator on the quantum antidot and the quantum anti-
dot Hamiltonian have the form
ψˆQAD =
(
0 0
1 0
)
, (2.8)
HQAD = νVQAD
(
ψˆ†QADψˆQAD −
1
2
)
=
VQAD
d
(
1 0
0 −1
)
, (2.9)
where VQAD is an electrostatic gate potential. One can consider several
quantum antidots each being such a two-level system. ∗
The Hamiltonian describing tunneling of quasiparticles between a quan-
tum antidot and the parafermion system is
Htun =∑
j
ηjsψˆQAD,sαˆ
†
js + h.c. (2.10)
Here ηjs is the tunneling amplitude to the jth domain wall and αˆjs is the
parafermion operator in the domain wall. Fractional quasiparticles can
only tunnel through FQH bulk but not through the vacuum. The quantum
antidot is located in the FQH puddle of spin s and is thus only coupled to
the parafermions of the same spin; this is indicated by the index s of the
quantum antidot operator.
∗In principle, one has to introduce Klein factors to ensure appropriate permutation
relations between the quasiparticle operators of different quantum antidots and also be-
tween the quasiparticle operators and the parafermions. Therefore, it turns out that the
Klein factors do not influence the physical observables in the present analysis: indeed,
they multiply the quantum antidot quasiparticle operator by a phase that depends on
the total charge of the parafermion system and on the occupation of the other quantum
antidot. However, these phase factors do not influence the observables in the protocols
we propose.
18
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2.3 Adiabatic pumping
2.3.1 Building blocks
Our protocols are basedon two building blocks: single-legged pumping
and two-legged pumping. First, consider a quantum antidot coupled to
exactly one parafermion αˆjs (single-legged pumping). The tunneling Hamil-
tonian (2.10) then allows for transitions only between states |q+ 1〉QAD|{m}〉 =
|1〉 and |q〉QAD|{m}+ 1[ j+12 ]〉 = |0〉, where
|{m}+ 1j〉 = |m1, ...,mj,mj+1 + 1, ...,mNFM + 1〉 (2.11)
and [x] denotes the integer part of x. The problem of a quasiparticle tun-
neling can, therefore, be mapped onto a set of 2x2 problems each described
by Hamiltonian
HLZ(t) =
( 1
dVQAD(t) η
∗
η − 1dVQAD(t)
)
, (2.12)
where η = ηjs exp
(
−ipiνs
(
mˆ
[
j+2
2 ]
+ 12δj,even
))
is the tunneling amplitude,
δj,even = 1 for even j and 0 otherwise, and we allowed for varying the
quantum antidot potential VQAD in time. For this Hamiltonian, consider
the Landau-Zener problem we introduced in section 1.2: VQAD(t) = ν−1λt
with λ > 0, at t = −T the system starts in the lower energy state |ψ(−T)〉 =
|1〉. Then at t = +T it will generally be in a superposition of the two states.
When T → +∞, the probability of staying in state |1〉 (i.e., not pumping
the quasiparticle) is, according to (1.4), the following:
PLZ = exp (−2piγ) +O
(
1
T
√
λ
)
, (2.13)
where γ = |η|2/λ. In the adiabatic limit λ  |η|2, the probability of
not pumping is exponentially small in agreement with the adiabatic the-
orem. Therefore, by varying the quantum antidot potential adiabatically,
one deterministically pumps a quasiparticle from the quantum antidot to
the parafermion array resulting in a robust change of the parafermions’
state
|{m}〉 → eiθ αˆ†js|{m}〉
= exp
(
−ipiνs
(
mˆ
[
j+2
2 ]
+ δj,even/2
)
+ iθ
)
|{m}+ 1
[
j+1
2 ]
〉, (2.14)
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up to non-universal dynamic phase θ which is the same for all |{m}〉
states. The strict adiabatic limit λ → 0 is taken so that V0 ≡ ν−1λT =
const |η|.
We now address a similar process of slowly increasing VQAD; now the
quantum antidot is connected to two parafermions (two-legged pumping).
First, consider the case of two neighboring parafermions αˆ2j−1,s and αˆ2j,s.
The problem again breaks up into a set of 2x2 problems (2.12) in the sub-
spaces spanned by |q+ 1〉QAD|{m}〉 and |q〉QAD|{m}+ 1j〉. However, now
η ≡ ηr = η2j−1,se−ipiνsmˆj + η2j,se−ipiνs(mˆj+1+
1
2), (2.15)
meaning that, due to the interference between two paths of tunneling
a quasiparticle into the parafermion array, |ηr|2 is different for different
eigenstates |r〉 of rˆ = (mˆj − mˆj+1) mod d (r is an integer between 0 and
d − 1). In the adiabatic limit λ → 0 this means that there are two pos-
sible regimes. Generically, all |ηr| 6= 0 and thus P(r) = 1 − PLZ = 1
for all r. However, if one fine-tunes the tunneling amplitudes so that
η2j−1,s/η2j,s = −ωrB−1/2s for some rB = 0, ..., d − 1, then ηrB = 0 and
ηr 6=rB 6= 0, implying P(r 6= rB) = 1 while P(rB) = 0. The acquired dy-
namical phase θ depends on r unlike in Eq. (2.14). A successful pumping
attempt implies |r〉 → eiθr |(r − 1)mod d〉 † with a dynamic phase we in-
troduced in (1.5):
θr =
(νV0)2
2λ
− pi − i log ηr|ηr| +
|ηr|2
λ
(
1+ log
(νV0)2
|ηr|2
)
, (2.16)
while an unsuccessful one implies |rB〉 → |rB〉. The same statements are
valid for pumping when the quantum antidot is connected to two arbi-
trary parafermions αˆjs, αˆls. The integer-valued operator of the parafermion
pair state rˆ is then defined by αˆjsαˆ
†
ls = e
ipiνs(rˆ−1/2) (l > j).
Our protocols are composed of “pumping attempts”. Each pumping
attempt consists of connecting a quantum antidot to one or two parafermions,
adiabatically sweeping VQAD and disconnecting the quantum antidot from
the parafermions. Importantly, we assume that before each pumping at-
tempt the quantum antidot is brought to a state of fixed charge |q+ 1〉QAD.
This can be done through equilibrating the quantum antidot charge with
a reservoir, the role of which can be played by the free edge segments, cf.
Fig. 2.1.
†There is a simple physical interpretation of this. Each successful quasiparticle pump-
ing increases the charge Qk of the kth SC domain by e∗. The change of r then follows from
the observation that rˆ = (−Qˆj mod 2e)/e∗.
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2.3.2 Proposed protocols
Now we discuss the three protocols spelt out in the beginning, empha-
sizing the details that were omitted there. First, we discuss the origin of
topological pumping blockade and the protocol for observing it. Then we
discuss the two protocols involving lifting the blockade: the one involving
deterministic (noiseless) lifting and the one in which the blockade is lifted
probabilistically, producing universal noise in adiabatic pumping.
(i) Topological pumping blockade. Consider the two-legged pumping with
tunneling amplitudes fine-tuned to block pumping if the parafermion pair
state is |r = rB〉. Without loss of generality, we put rB = 0. Suppose,
the parafermion system is prepared in a generic superposition of r-states.
Then a single pumping attempt transforms the initial state of the quantum
antidot and parafermion pair
|q+ 1〉QAD
d−1
∑
r=0
Ar|r〉 →
|q+ 1〉QADA0|r = 0〉+ |q〉QAD
d−2
∑
r=0
Ar+1eiθr+1 |r〉. (2.17)
Here and in what follows we omit all the parafermion array quantum
numbers except for r, which is related to the parafermion pair of inter-
est. With probability |A0|2 the pumping will be unsuccessful and the pair
of parafermions will be in state |r = 0〉, and with probability 1− |A0|2 the
pumping will take place successfully and the parafermions will end up in
a superposition state now involving r between 0 and d − 2. After k − 1
such pumping attempts, the state of parafermions will be either |r = 0〉 or
a superposition of states with r between 0 and d− k. Therefore, after d− 1
pumping cycles the parafermions will definitely be in |r = 0〉 state and
further pumping will be blockaded, cf. Fig. 2.2a ‡. The reader sees that
the blockade essentially arises because pumping is blocked for a single
value rB of the topological charge r of the parafermion pair.
(ii) The noiseless blockade-lifting protocol employs two quantum antidots,
QAD1 used for two-legged pumping in the blockade regime to parafermion
pair (j, l)s and QAD2 used for one-legged pumping to αˆj′s′ . In principle,
‡In principle, by measuring the quantum antidot state after each pumping attempt,
one can know the exact number of successful pumpings and thus measure the state of
parafermions. This is similar to the methods proposed in the literature for measuring the
state of MFs [33] or Ising anyons [34]. Quantum antidot charge can be measured, e.g.,
with the help of a single-electron transistor [35–37].
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Figure 2.2: a – The origin of the topological pumping blockade. Independently
of the initial state, after several pumping attempts topological charge r of the
parafermion pair becomes rB, for which pumping is blockaded. b – The structure
of the protocols involving blockade lifting. c – Various options for connecting
QAD2 (denoted as 2) in the noiseless blockade-lifting protocol with respect to
QAD1 (denoted as 1) connection points. d – Sketched time dependence of current
through each of the two QADs in the noiseless blockade-lifting protocol. Black
solid pulses correspond to successful pumping attempts; purple dashed ones cor-
respond to the attempts not resulting in a successful quasiparticle pumping.
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s′ = s j
′ < j or > l = j or l j < j′ < l
∆rj′s′ 0 d− 1 d− 2
s′ = −s j
′ j l 6= j, l
∆rj′s′ (−1)j mod d (−1)l+1 mod d 0
Table 2.1: The number of iterations ∆rj′s′ for which the blockade of pumping
from QAD1 connected to parafermion pair (j, l)s, j < l, is lifted, depending on
the location of αˆj′s′ , to which QAD2 is coupled.
one physical quantum antidot can be used as QAD1 and QAD2 at dif-
ferent times. The protocol cycle consists of performing k − 1 ≥ d − 1
pumping attempts with QAD1 and then a single pumping attempt with
QAD2, cf. Fig. 2.2b-c. After all attempts with QAD1, the system reaches
the blocked state |rB = 0〉. The pumping attempt with QAD2 is always
successful and changes |rB〉 → eiθ αˆ†j′s′ |rB〉. Observing that αˆjsαˆ†lsαˆ†j′s′ =
eipiνs∆rj′ ,s′ αˆ†j′s′ αˆjsαˆ
†
ls, one sees that up to an unimportant phase the state is
changed to |(rB + ∆rj′s′)mod d〉, lifting the blockade and allowing for ex-
actly ∆rj′s′ mod d successful pumpings through QAD1 in the next proto-
col cycle. The time dependence of the current through each of the two
quantum antidots in this protocol is shown in Fig. 2.2d. Knowing it, one
straightforwardly obtains the results for I and S(0) stated in subsection
2.1.2. The values of ∆rj′s′ , depending on the relative positions of αˆjs,αˆls,αˆj′s′ ,
are shown in Table 2.1. Note that ∆rj′s′ depends on the ordering of the
three parafermions involved in the protocol (i.e., on the topology of con-
nections of the quantum antidots to parafermions) but not on the distances
between them. This has to do with the fact that parafermion operators in-
herit their permutation properties from those of quasiparticles composing
the system. Therefore, ∆rj′s′ tells directly about the statistics of fractional
quasiparticles.
(iii) In the noiseful blockade-lifting protocol, QAD2 is also coupled to a
pair of parafermions (j′, l′)s′ , cf. Fig. 2.1. While pumping from QAD1 to
(j = 1, l = 2)↑ allows mapping to Landau-Zener problem in the basis
|r,m1,m3〉with r = (m1 −m2) mod d, pumping from QAD2 to (j′ = 2, l′ =
3)s′=↓ does so in the basis |w,m1,m3〉 with w = (n2 − n1) mod d.
All the parafermionic operators which enter the problem, commute
with mˆ1 and mˆ3 in the same way: αˆj,smˆ1 = mˆ1αˆj,s, αˆj,smˆ3 = (mˆ3 + 1)αˆj,s.
As a result, during the pumping through either of the quantum antidots
there will be no interference in quantum numbers m1 and m3, so they can
be omitted. It follows from commutation relations between mˆ and nˆ oper-
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ators, that eipiνwˆeipiνrˆ = eipiν(rˆ+1)eipiνwˆ. Thus decomposition of a basis state
|w〉 into basis states |r〉 is described by formula (2.1), as we announced
earlier.
As a result, successful pumping attempt with QAD2 then lifts the block-
ade according to Eqs. (2.2-2.3) with θw defined as in Eq. (2.16). Note that
for λ = 0 the last term in Eq. (2.16) is not defined. A non-blockaded pump-
ing from QAD2 implies |ηw| 6= |ηw′ | for w 6= w′, so the differences θw− θw′
appearing when one calculates |Ar|2 are also not defined. Thus a careful
consideration of λ → 0 limit is necessary. Realistically, a perfect control
of λ is impossible, leading to fluctuations δλ  λ from cycle to cycle.
The last term in Eq. (2.16) then has fluctuations ∝ |ηw|2δλ/λ2. Assuming
that the distribution of relative fluctuations δλ/λ is independent of λ, the
fluctuations of this term diverge when λ|ηw|2 → 0, as do the fluctuations of
θw − θw′ . Therefore, 〈ei(θw−θw′ )〉 = 0 unless w = w′ yielding 〈|Ar|2〉 = 1/d.
Observe that this conclusion is insensitive to the exact values of ηw as long
as QAD1 is in the regime of blockade and QAD2 is not.
2.4 Experimental implications
We have proposed three protocols for adiabatic pumping in a system of
parafermions, which, if realized, must have observable consequences. They
allow one to (i) observe a peculiar phenomenon of topological pumping
blockade, (ii) measure the statistics of Fractional Quantum Hall quasipar-
ticles through the deterministic lifting of the blockade, and (iii) observe
universal noise in the adiabatic pumping through the probabilistic lifting
of the blockade.
Topological properties of the system, like Laughlin statistics and the
degeneracy of the parafermionic Hilbert space, are crucial for these mea-
surements to be made. Also one needs to suppress high-frequency noises,
such as Nyquist noise, as our findings are valid in adiabatic limit. These
make the setup hard to realize, but at the same time provides a signature
for these properties to be present. As a signature, it is convenient since it
probes the statistics of the quasiparticles via a transport experiment, which
does not require to perform braiding.
As for observation of universal noise, it should be noted that our find-
ings are based on the limit λ|η|2 → 0 while keeping δλλ a small yet finite
constant. This means, that if in a realistic setup one has a lot of control
over λ so that δλλ is small, one will have to take
λ
|η|2 even smaller, to reach
universality. Note, that this is a ’stronger’ adiabatic limit than the usual
24
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λ
|η|2  1, which is needed to satisfy adiabatic theorem. However, also note
that the dynamic phases θ contain a term |η|
2
λ log
(νV0)2
|η|2 . Thus having cycle-
to-cycle fluctuations in the gate voltage amplitude δV0 will result in phase
fluctuations ∼ |η|2λ δV0V0 . This means that adiabatic limit λ|η|2 
δV0
V0
is also
strong, i.e. it allows to reach universality in the quantum noise.
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